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THEORETICAL MODELS OF THERMODYNAMIC PROPERTIES 
OF SUPERCRITICAL SOLUTIONS 

H. D. Cochran D. M. Pfund and L. L. Lee 
Chemical Technology Division Dept. of Chemical Engineering 
Oak Ridge National Laboratory and Materials Science 
Oak Ridge, Tennessee 37831-6224 University of Oklahoma 

Norman, Oklahoma 73019 

ABSTRACT 

Several  separa t ion  processes,  inc luding  super- 
c r i t i c a l  ex t r ac t ion  and s u p e r c r i t i c a l  f l u i d  chroma- 
tography, take  advantage of the  s t r i k i n g  s o l u b i l i t y  
behavior of s u p e r c r i t i c a l  f l u i d s .  A genera l  t heo re t i -  
c a l  framework is presented f o r  modeling thermodynamic 
p rope r t i e s  of s u p e r c r i t i c a l  so lu t ions  based on the  
theory of Kirkwood and Buff. The theory is expressed 
i n  terms of t he  Kirkwood f l u c t u a t i o n  i n t e g r a l  from 
s ta t is t ical  mechanics and permits i n t roduc t ion  of 
appropr ia te  molecular so lu t ion  approximations. Thus, 
t h e  solute-solvent i n t e r a c t i o n  may be expressed using 
a l o c a l  composition approximation, f o r  example, with 
a n  accura te  equation of state f o r  t he  pure so lvent .  
This  approach is i l l u s t r a t e d  f o r  two molecular solu- 
t i o n  approximations and is compared wi th  s o l u b i l i t y  
and p a r t i a l  molecular volume da ta .  

INTRODUCTION 

In  recent  years  t he re  has been cons iderable  research  
i n t e r e s t  i n  t h e  use  of s u p e r c r i t i c a l  f l u i d 8  as sepa ra t ions  media 
( l ) ,  r e a c t i o n  media ( 2 ) ,  e tc .  The s t r i k i n g  s o l u b i l i t y  behavior 
of s u p e r c r i t i c a l  f l u i d s  is i l l u s t r a t e d  i n  Fig. 1. The s o l u b i l i t y  
of naphthalene is  seen  t o  rise by two orders  of magnitude a s  the  
reduced pressure ,  P/P,, of carbon d ioxide  is increased €rom 0.8 
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Fig. 1. Natural logarithm of the mole fraction of 
naphthalene in carbon dioxide vs. reduced pressure at 
reduced temperature equal to 1.01. Data of Tsekhanskaya, 
et al. ( 2 7 )  

to 4.5 at a reduced temperature, TIT,, of 1-01. The strong non- 
ideality of the solvent enhances its solvent power by four orders 
of magnitude compared with the solubility that would be expected 
in an ideal gas mixture. Furthermore, the solvent power may be 
controlled over this wide range of variation by small changes in 
solvent pressure or temperature. 

There have been a number of approaches proposed to modeling 
thermodynamic properties of supercritical solutions including the 
use of empirical equations of state ( 3 )  and empirical activity 
coefficient models (4). Theoretical modeling of thermodynamic 
properties of supercritical solutions has included computer simu- 
lations ( 5 ) ,  perturbation theories (6), integral equation theories 
(7), and various thermodynamic (8)  or statistical mechanical (9) 
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formalisms.  To be of p r a c t i c a l  u s e ,  e i t h e r  thermodynamic o r  s t a -  
t i s t i c a l  mechanical  formalisms must be coupled w i t h  approxima- 
t i o n s  which permit  t h e  i n t r o d u c t i o n  of component parameters .  
I n  some cases, t h e s e  approximations may be based upon molecular  
theory .  

Empir ica l  methods do not o f f e r  any hope of p r e d i c t i v e  capa- 
b i l i t y  and should be cons idered  as u s e f u l  i n t e r p o l a t i o n  methods. 
S imula t ions ,  p e r t u r b a t i o n  t h e o r i e s ,  and i n t e g r a l  equat ion  
t h e o r i e s  r e q u i r e  e x c e s s i v e  computat ional  e f f o r t  i n  t h e i r  use f o r  
p r a c t i c a l  c a l c u l a t i o n s .  However, t h e s e  methods may be cons idered  
t h e o r e t i c a l l y  sound and may be used t o  develop o r  t es t  more 
approximate methods. 

Recent ly ,  we have shown (10-13) t h a t  t h e  Kirkwood-Buff 
t h e o r y  of s o l u t i o n s ,  based on f l u c t u a t i o n  t h e o r y ,  p rovides  a 
r i g o r o u s  s t a t i s t i c a l  mechanical formalism w i t h i n  which u s e f u l  
models of s u p e r c r i t i c a l  s o l u t i o n s  may be developed. O'Connell 
and coworkers have explored  r e l a t e d  modeling p o s s i b i l i t i e s  based 
on F l u c t u a t i o n  theory  f o r  i s o t h e r m a l  c o m p r e s s i b i l i t y  and s o l u t e  
p a r t i a l  molar volume i n  d i l u t e  l i q u i d  s o l u t i o n s  ( 1 4 )  and f o r  PVT 
and phase behavior  (15) of s u p e r c r i t i c a l  g a s e s  d i s s o l v e d  i n  
l i q u i d s .  Debenedet t i  (16,  17) has  a l s o  explored  t h e  a p p l i c a t i o n  
of f l u c t u a t i o n  theory  t o  s u p e r c r i t i c a l  s o l u t i o n s  and h a s  developed 
a number of t h e o r e t i c a l  d e r i v a t i o n s  w i t h i n  t h i s  formalism. 

I n  t h i s  paper  we s h a l l  p r e s e n t  some g e n e r a l  t h e o r e t i c a l  
e x p r e s s i o n s ,  developed w i t h i n  t h e  Kirkwood-Buff formalism, f o r  
d e s c r i b i n g  thermodynamic p r o p e r t i e s  of s u p e r c r i t i c a l  s o l u t i o n s  
and s h a l l  c o n s i d e r  t h e s e  express ions  from a phenomenological 
p o i n t  of view i n  an e f f o r t  t o  ga in  some p h y s i c a l  i n s i g h t s .  Then 
w e  s h a l l  show how molecular  s o l u t i o n  approximations may be incor-  
pora ted  i n t o  t h e  Kirkwood-Buff formalism t o  y i e l d  models t h a t  may 
be u s e f u l  f o r  p r a c t i c a l  a p p l i c a t i o n s .  Arid, f i n a l l y ,  we s h a l l  
i l l u s t r a t e  a f e w  such a p p l i c a t i o n s  w i t h  examples. 

KIRKWOOD-BUFF THEORY FOK SUPEKCRITICAL SOLUTIONS 

A complete and g e n e r a l  theory  of s o l u t i o n s  was developed 
from s t a t i s t i ca l  mechanics by Kirkwood and Buff (18) based on 
t h e  E l u c t u a t i o n  theory  of Kirkwood and expressed  i n  terms of 
t h e  Kirkwood f l u c t u a t i o n  i n t e g r a l ,  G,B: 

G = [ g a 3  ( r )  - 1]*4rr2-dr  , 
ap 

where gaB ( r )  i s  t h e  s p a t i a l  (averaged over  a l l  o r i e n t a t i o n s )  
p a i r  c o r r e l a t i o n  f u n c t i o n  f o r  i n t e r a c t i o n  between s p e c i e s  a and p 
and r is t h e  s p a t i a l  s e p a r a t i o n  between a and p. When m u l t i p l i e d  
by t h e  number d e n s i t y  of a f l u i d ,  Gap r e p r e s e n t s  t h e  excess  of a 
molecules sur rounding  a p molecule and h a s  been c a l l e d  t h e  a f f i n -  
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i t y  of a f o r  p. S t a t i s t i c a l  mechanical d e f i n i t i o n s  (12, 1 9 ,  
and 20)  of l o c a l  composition have been expressed i n  terms of 
the  f l u c t u a t i o n  i n t e g r a l .  A t  high temperature the  f l u c t u a t i o n  
i n t e g r a l  i s  approximated by the  s p a t i a l  i n t e g r a l  of t he  p o t e n t i a l  
of mean force .  

It has been shown (10, 12)  t h a t  t he  isothermal v a r i a t i o n  of 
number dens i ty  of a s o l u t e  k, Pk, with pressure,  P, i n  a so lvent  
j a t  equi l ibr ium wi th  a second phase of constant composition 
(e.g., a s o l i d )  i s  given by 

where kT is Boltzmann's constant times temperature and i s  the  
p a r t i a l  molecular volume. The f i r s t  term on t h e  righthand s i d e  
of (2 )  conta ins  only t h e  so lvent -so lu te  a f f i n i t y  and t h e  s o l u t e  
p a r t i a l  molecular volume. The second term conta ins  the  d i f -  
fe rence  between so lu te -so lu te  and solvent-solute a f f i n i t y  and 
becomes important only a t  higher s o l u t e  concent ra t ions  except,  
perhaps, i n  the  v i c i n i t y  of a c r i t i c a l  po in t  where t h e  fluc- 
t u a t i o n  i n t e g r a l s  diverge.  Note a l s o  t h a t  the  enhancement of 
s o l u b i l i t y  by d i l u t e  second so lu t e s ,  added co-solvents, o r  
e n t r a i n e r s  i n  s u p e r c r i t i c a l  so lven t s  arises when t h e  second 
term on the  r i g h t  hand s ide  i n  (2)  i s  la rge .  

Equation (2 )  may be expanded about t he  i n f i n i t e  d i l u t i o n  
l i m i t  t o  y i e ld  a simple expression app l i cab le  t o  d i l u t e  solu- 
t i ons :  

where here  and a f t e r  t he  supe r sc r ip t  zero  i n d i c a t e s  t h e  value of 
t h e  va r i ab le  a t  t he  l i m i t  of i n f i n i t e  s o l u t e  d i lu t ion .  

The divergence of t he  s lope  of t h e  s o l u b i l i t y  vs. p ressure  
curve i n  t h e  v i c i n i t y  of a c r i t i c a l  point ( a s  seen, f o r  example, 
i n  Fig. 1) was i l lumina ted  wi th in  a purely formal thermodynamic 
express ion  by Gitterman and Procaccia (8).  Equation (3) may be 
rearranged t o  i l l u s t r a t e  t h e  same phenomenon wi th in  t h e  framework 
of the  Kirkwood-Buff formalism: 

where yk is t h e  s o l u t e  mole f r a c t i o n  and use has been made of t he  
compress ib i l i ty  equation. It is  known (21) t h a t  t h e  f l u c t u a t i o n  
i n t e g r a l  d iverges  a t  a c r i t i c a l  point.  Let us rep lace  the  par- 
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Fig. 2 .  Slope of solubility curve vs. reduced 
density for naphthalene in carbon dioxide at reduced 
temperature equal to 1.01. Data of Tsekhanskaya, et al. ( 2 7 )  

tial derivative with respect to pressure in ( 4 )  by a partial 
derivative with respect t o  density using the compressibility 
equation. Then, in the Kirkwood-Buff notation 

One might expect the ratio of fluctuation integrals in (5) 
to be well-behaved at a critical point. Indeed, the curve of 
slope vs. density (see Fig. 2 )  shows approximately a linear 
decrease in slope for the same data shown in Fig. 1. 

Debenedetti and Kumar (17) have expressed the variation of 
solute fugacity coefficient, $k, for dilute, binary supercritical 
solutions with solute concentration in the following form: 

where @: is the infinite dilution fugacity coefficient and K is 
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Fig. 3 .  Dimensionless partial molar volume of 
naphthalene in carbon dioxide vs. reduced density at 
reduced temperature equal to 1.01. Data of Eckert 
et al. ( 2 2 )  

a constant. Application of the 
(11) leads to identification of 
€allows : 

K P[(& - GYk)+(Gjj 0 - 

Kirkwood-Buff theory of solutions 
the Debenedetti-Kumar constant as 

Debenedetti (16) has used the Kirkwood-Buff (18) expression 
for the solute partial molar volume in dilute, binary, supercri- 
tical solutions as follows: 

and has inferred the magnitude of the fluctuation integral from 
the partial molar volume data of Eckert and coworkers ( 2 2 )  a8 
shown in Fig. 3 for the same carbon dioxide/naphthalene system 
shown previously in Figs. 1 and 2. 
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Table 1. Expressions from the excluded volume model for 
isothermal thermodynamic properties of a dilute 

supercritical solution at equilibrium 
with a pure incompressible solid 

SOLUBILITY. 

SLOPE. 

PARTIAL MOLECULAR VOLUME. 

i7: = kTX; - %(p;kT$ - 1) - ait &j + v,k 
Pi 

Table 2. Expressions from the local composition model for iso- 
thermal thermodynamic properties of a dilute supercritical 
solution at equilibrium with a pure incompressible solid 

SOLUBILITY. 

SLOPE. 
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Fig. 4 .  Naphthalene solubility in carbon dioxide 
predicted by excluded volume model with temperature- 
dependent parameters. 

We have seen, then, that the Kirkwood-Buff solution theory 
provides a formalism which may be used to describe the thermo- 
dynamic properties of supercritical solutions. In the next 
section, we shall explore the possibility of developing useful 
models for quantitative calculations within this formalism. 

MOLECULAR SOLUTION APPROXIMATIONS 

The expressions for thermodynamic properties of supercriti- 
cal solutions would remain of largely formal interest unless it 
were possible to develop means to calculate the fluctuation 
integrals that appear in them. 
methods t o  estimate infinite dilution fluctuation integrals, GZp, 
from the pure solvent fluctuation integral, GIi, by using various 
molecular solution approximations. Thus, our asic strategy is 
to assume that the qualitative behavior of the fluctuation 

Toward this goal we shall seek 
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Fig. 5. Slope of s o l u b i l i t y  curve f o r  naphthalene 
in carbon dioxide predic ted  by excluded volume model with 
temperature-dependent parameters. 

i n t e g r a l s  a t  the  i n f i n i t e  d i l u t i o n  l i m i t  is r e f l e c t e d  by the  
behavior of t he  pure so lvent  and then t o  use molecular so lu t ion  
approximations f o r  q u a n t i t a t i v e  adjustment. The solvent-solvent 

- _. . 

equation of s t a t e  f o r  t he  pure so lvent .  

0 
where X j  is t h e  isothermal compress ib i l i ty  of t he  pure 

fi ;ctuation i n t e g r a l  may be ca l cu la t ed  from an appropr ia te  

o lv  

( 9 )  

n t  . 
It i s  our hope t h a t  r e l a t i v e l y  crude approximations may lead 

t o  use fu l  r e s u l t s  because of t he  information concerning f l u i d  
s t r u c t u r e  which is  captured by the  pure so lvent  equation of s t a t e .  
For the  common s u p e r c r i t i c a l  so lvents ,  e.g., Cog and C,H,, very 
accu ra t e  equat ions  of state are a v a i l a b l e  (23, 2 4 ) .  

Excluded Volume Model wi th  Scaled Long-Range Corre la t ions  

One very simple model (10, 12) f o r  t he  f l u c t u a t i o n  i n t e g r a l  
would be t o  assume t h a t  t he  s p a t i a l  pair c o r r e l a t i o n  func t ion ,  , 
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Fig. 6. Partial molar volume of naphthalene in 
carbon dioxide predicted by excluded volume model with 
temperature-dependent parameters. 

g, (r), is zero within the radius, a,@, of the impenetrable 
moaecular cores and that the long-range part of the correlation 
scales, in dimensionless distance, r* = r/u,py with the depth of 
the attractive energy well, E ~ P .  This approximation for scaling 
the attractive part of the pair correlation function was pre- 
sented by Mansoori and Leland (25). 

gorp (r*> = 0.0 r* c 1.0 

= (Eap/kT)*go (r*) r* > 1.0 (10) 

where go is a universal function. Then, 
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Fig.  7. Naphthalene s o l u b i l i t y  i n  carbon d ioxide  
p r e d i c t e d  by l o c a l  composi t ion model. 

where V i s  t h e  volume excluded by t h e  molecular  cores .  Using 
(ll), we can write e x p r e s s i o n s  €or  s o l u b i l i t y  i n  d i l u t e  s o l u t i o n ,  
s l o p e  of t h e  s o l u b i l i t y  vs p r e s s u r e  curve ,  s l o p e  of t h e  s o l u b i l -  
i t y  vs. d e n s i t y  curve,  Debenedetti-Kumar c o n s t a n t ,  and p a r t i a l  
molecular  volume. Furthermore, us ing  (9)  we  may write t h e s e  
e x p r e s s i o n s  i n  terms of t h e  equat ion  of s t a t e  f o r  t h e  pure 
s o l v e n t .  Expressions f o r  thermodynamic p r o p e r t i e s  of super- 
cr i t ical  s o l u t i o n s  from t h e  excluded volume model w i t h  s c a l e d  
long-range c o r r e l a t i o n s  have been developed w i t h i n  t h e  Kirkwood- 
Buff formalism and are presented  i n  Table  1, where a l l  v a r i a b l e s  
are as previous ly  d e f i n e d  and f j  is t h e  f u g a c i t y  of t h e  pure 
s o l v e n t  a t  the g iven  temperature  and pressure .  

Local  Composition Model w i t h  Scaled Long-Range C o r r e l a t i o n s  

When t h e  excluded volume model wi th  s c a l e d  long-range corre- 
l a t i o n s  w a s  t e s t e d  a g a i n s t  s u p e r c r i t i c a l  s o l u b i l i l t y  d a t a  (12), 
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Fig. 8 .  Slope of solubility curve for naphthalene 
in carbon dioxide predicted by local composition model. 

it was found that the simple scaling constant used, njk,  had to 
be treated as a temperature-dependent parameter f o r  the most 
accurate modeling. 
improved temperature dependence into the model. 

An alternate approach would be to incorporate 

To this end, a local composition model was developed (12) 
following the form of the Renon-Prausnitz (26) local composition 
expression. 
integral is as follows: 

The resulting expression for the fluctuation 

where in the local composition model Vap is the volume of the 
solvation sphere rather than the excluded volume used previously 
and bo and bl are model parameters. 
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Fig. 9 .  Partial molar volume of naphthalene in 
carbon dioxide predicted by local composition model. 

Then, using (12) we can write expressions for thermodynamic 
properties as before, and again, using (9) we may write these 
expressions in terms of the equation of state for the pure sol- 
vent. Expressions for thermodynamic properties of supercritical 
solutions from the local composition model with scaled long-range 
correlations have been developed within the Kirkwood-Buff for- 
malism and are presented in Table 2. 

ILLUSTRATIVE EXAMPLES 

Figures 4, 5, and 6 show solubility of naphthalene vs 
pressure, slope of solubility curve vs density, and naphthalene 
partial molecular volume in carbon dioxide calculated using the 
excluded volume model with scaled long-range correlations. For 
these calculations temperature-dependent parameters - vjk(T) 
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and oLjk(T) -- were regressed  from s o l u b i l i t y  d a t a  then  used t o  
p r e d i c t  p a r t i a l  molecular  volume da ta .  The a c c u r a t e  equat ion  of 
s t a t e  of Huang e t  a l .  ( 2 3 )  f o r  carbon d ioxide  was used t o  calcu-  
la te  G j -  a t  a l l  s ta te  c o n d i t i o n s .  
gratifying even i n  t h e  v i c i n i t y  of t h e  c r i t i ca l  poin t .  

The agreement with d a t a  is  

I n  a s i m i l a r  f a s h i o n ,  t h e  performance of the  l o c a l  composition 
model w i t h  s c a l e d  long-range c o r r e l a t i o n s  i s  i l l u s t r a t e d  i n  
F igs .  7, 8, and 9. For t h e s e  c a l c u l a t i o n s ,  on ly  t h r e e  c o n s t a n t  
parameters  - V k, b o y  and b l  -were r e g r e s s e d  from s o l u b i l i t y  
d a t a .  Again, tho Huang e q u a t i o n  was used f o r  pure carbon d ioxide .  
Again, t h e  agreement w i t h  d a t a  i s  s a t i s f a c t o r y .  

CONCLUDING REMARKS 

We have i l l u s t r a t e d  how t h e  s o l u t i o n  theory of Kirkwood and 
Buff may be used t o  provide a framework w i t h i n  which models may 
be  developed f o r  t h e  thermodynamic p r o p e r t i e s  of s u p e r c r i t i c a l  
s o l u t i o n s .  The s t r a t e g y  f o r  modeling rests upon our  assumption 
t h a t  t h e  q u a l i t a t i v e  behavior  of t h e  f l u c t u a t i o n  i n t e g r a l s  a t  
i n f i n i t e  d i l u t i o n  may be represented  by t h e  pure so lvent -so lvent  
f l u c t u a t i o n  i n t e g r a l  which can be c a l c u l a t e d  from an a p p r o p r i a t e  
e q u a t i o n  of state. S o l u t i o n  p r o p e r t i e s ,  then ,  are e s t i m a t e d  by 
u s i n g  molecular  s o l u t i o n  approximations,  such as t h e  excluded 
volume and l o c a l  composi t ion approximations,  t o  r e l a t e  t h e  
s o l v e n t - s o l u t e  f l u c t u a t i o n  i n t e g r a l  t o  t h e  so lvent -so lvent  f l u c -  
t u a t i o n  i n t e g r a l .  I n  s p i t e  of t h e  d ivergence  of the f l u c t u a t i o n  
i n t e g r a l s  i n  the v i c i n i t y  of a c r i t i ca l  p o i n t ,  t h i s  s t r a t e g y  
appears  t o  be s u c c e s s f u l .  This o b s e r v a t i o n  s u g g e s t s  t h a t ,  i n  
t h e  v i c i n i t y  of a c r i t i c a l  p o i n t ,  t h e  f l u c t u a t i o n  i n t e g r a l s  may 
d i v e r g e  t o g e t h e r  i n  c o n s t a n t  p r o p o r t i o n  t o  one another .  

NOTATION 

bo, b l  
f 
g 
G 
k 
K 
P 
r 
T 

V 
Y 

V 

a 
€ 

x 
P 
5 

c o n s t a n t s  d e f i n e d  in Eq. (12)  
f u g a c i t y  
s p a t i a l  p a i r  c o r r e l a t i o n  f u n c t i o n  
f l u c t u a t i o n  i n t e g r a l  
Boltzmann's c o n s t a n t  
c o n s t a n t  d e f i n e d  by Debenedet t i  and Kumar (17) 
p r e s s u r e  
i n t e r m o l e c u l a r  s e p a r a t i o n  
tempera ture  
molecular  volume 
excluded volume 
mole f r a c t i o n  

c o n s t a n t  d e f i n e d  i n  Eq. (11) 
i n t e r m o l e c u l a r  energy c o n s t a n t  
i s o t h e r m a l  c o m p r e s s i b i l i t y  
number d e n s i t y  
i n t e r m o l e c u l a r  s i z e  c o n s t a n t  
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Subscr ip ts  

C c r i t i c a l  po in t  property 
j so lven t  index 
k s o l u t e  index 
0 un ive r sa l  func t ion  
r reduced property 
a,P a r b i t r a r y  spec ies  ind ices  

Superscr ip ts  

1 pure so lvent  quan t i ty  
- p a r t i a l  molecular quan t i ty  * reduced dimension 
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